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2TOXAZTIKEZ AIAAIKAZIEZ & BEATIZTOMNOIHZH 2TH MHXANIKH MAGHZH
Reinforcement Learning - Markov Decision Processes

Supervised Learning - Teacher

BEATLoTN pUOULON TOU cuoTtApAToC He BonBela e€wtepkol SaokAAou, yvwotn enBupuntwy
e€odbwv (labels) bedopevwv rpoiinapyovroc¢ deiypatog pabnonc (labeled training examples)
Unsupervised Learning

AutopuBuLlopevo cUCTNUO TTOU KWOLKOTIOLEL OTLC TIAPAUETPOUG TOU OLOTNTEG MPOoUTapPYOVTOG
deilypatoc pabnonc (unlabeled training examples) eAntilovtag o€ yevikevon pe dedopeva test

Reinforcement Learning - Agent

* Antodadoelc (actions) amno agent os opilovta K Bnuatwyv mou ennpedlouv tnv eEEALEN
KATOOTAOEWV (states) meplBailAovtoc (environment) e CUVETTOYOUEVO KOOTOC/OPEAOC

* >xedLaopoc oAtk (policy planning) xataotdoswy - anodacswv (states - actions) Tou
agent yLo. LECO - LAKPOTIPOOECO OTOXO LECW SLadPAOTIKOU GEVAPiou pabnong

* EpyoAeia: Auvapikog MNpoypappatiopoc (Dynamic Programming), ZToXQOTIKEG AladLKaoieg
Anopaocswv Markov (Markov Decision Processes)

* Aeiypa pabnong: Training dataset oxL avoyKaoTKA polnapyov, Suvatotnta on-line
npocapuoyng padnong/Asettoupylag amod petaoAn kataotaonc Adyw anodAcswyv Tou agent
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* Ta MNapadelypata MaBnonc (Training Examples,
Sample Points) o Supervised & Unsupervised
Learning ouvndwc¢ npooeyyilovtal ocav aveédptnteg
Tuxaiec petafAntég oe moAumAnOn Selypata

* X10 Reinforcement Learning n padnon ouvidwc
Baoiletal og Suvaplkd oevapla eEEALENC, LE
e€aptnoeLg kataotacswv Markov tou
MeptBaAAovroc amod moALtikéC Tou Agent
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Reinforcement Learning - Markov Decision Processes (1/2)
Oplopot Markov Decision Processes

Nemepaopévocg AsLypoTiKOC Xwpoc X SLakpLtwy KATooTaoswyV (states) meplBaAAovtoc oe
SLOKPLTEC XPOVIKEC OTLYHEG (BApata) n = 0,1,2, ..., K

Tuxaia petafAnt X,, € X mou AapPavel Stakputegtipneg X, =i, 1<i <N
Memepaopevog Aslyatikog Xwpog A; dtakpltwv anodpacewv (actions) mou opilel o agent
otav to neplBariov Bploketal otn katdotaon X, = i:

Tuxaia petafAnt) 4, € A; anddaong oTo n, UE TIUES A OTAV X, = 1
MetaBaoelg Markov p;j(a) ano kataotaon neplBAANOVTOC i O€ KATAOTACK j UTIO TNV
EMNPELA TNG amodaonc Tou agent a ota dtakprd fApoatan = 0,1,2, ..., K

pij(a) = P(Xpy1 = jlXn =i, 4, =0a), pij(a) 20, X;pij(a) =1
Apeco kootog (observed cost) Tou agent oto Bripa n Otav MAipVeL anodaon a;, mou odnyet
oe petaBaon (Xp=1) = (Xp+1=J):

g(i,a;, j) ko pe anocBeon vy g(i, a;y, j) ue cuviedeotn 0 < y < 1 (discount factor)
v Avy = 0 o agent 6gv evbLadepetal yla LEANOVTLKEC ETUMTWOELC amodAOEWY TOU (myopic)
v 0co Y - 1 oL anoddoelg tou agent kabopilovtal CNUAVTIKA Ao LEAANOVTIKEC ETUTTWOELG

MoAwtikn (policy): T = {Wg, Ui, --» Kyps ==+ » Hg—1} OTIOU W, CUVAPTNON TIOU 0TO Bripa 1 opileL
avTtlotoixnon uLag katdotaong X, = i o€ anodpdoelg A,, = a tou agent
W, (1) € A; yia 0Aeg TIg kataotaoel i € X (m admissible policies)

Av u, (i) = u(i) oe kaBe Brua n n moAwtikn T = {|, 1, ... } elval xpovootaBepn (stationary)
KQLL OL LETAPBACELG P (a) opllouv (xpovootabepn) aAvoiba Markov (X,= i) = (X,11=J)
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Reinforcement Learning - Markov Decision Processes (2/2)

Oplopoi BeAtiotonoinong Auvapikou Mpoypopioticpou
To GUVOALKO KOOTOG EKTLUATOL O IdaVEG TPoXLEG (trajectories) TemepaopeVwY Pnuatwy K
(Finite-Horizon) pe (emavalapavopeva) emnelcodia (episodes) ) aneploplotwv K — oo
(Infinite-Horizon) aBpoilovtag ta ausoa kootn petaBacswv Markov X,, = X,,+1 ANoyw W, (X;,):
g(an U (Xn), Xn+1)

To oUVOALKO avapevopevo kooto¢ (Total Discounted Expected Cost-to-Go) og opilovta K Kot e
noAwtikn T = {g, Uy, ---, Mg —1} QIO apXLKn kotaotoon X, = i kaL anooBeon y eivat:

K
JT(@) =E z Y g (X, 1y (X)), X411 Xo = 1

n=0
Znteitat moAttikn T eAayotomnoinong tou J™(i): J*(i) £ min /™ (i)
TC
H avwtépw moALtiki Tt eival anAnotn (greedy) pe tnv €vvola Tou OTL 0 agent eTUAEYEL

arnopAoelg ou ehayLotomnolovv to Expected Cost-to-Go J™(i) armod tnv apxLkn KOtaotoon
Xy = i abladopwvtag yla mbava KaAUTEPEG EVAANAKTIKEG TPOXLEG

Av n ToAtikn) meplopiletal og xpovootaBepeg amodacelg T = {|, 4, ... } TOTE
J™(@) £ JH(i) kot to TeAko InToupevo ival n BEAtiotn ouvaptnon w(X;,) mou
ghaylotomotetl ta JH (i) = J* (i) yio OAEC TIG OPXLKEG KOTAOTACELS Xy = i

Znueiwon: EvaAAaktika pe To Kpuerplo Total Discounted Expected Cost-to-Go umopel va opLloTel KpLtipLlo Xwpeig

anooBeon n.x. Expected Average Cost ava Bnua o€ Infinite Horizon (Sheldon Ross, “Applied Probability Models with
Optimization”, Dover, 1992)
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Principle of Optimality (Bellman 1957) - Finite Horizon Problem

Eotw Sdwadikaoia anodpdoswv Markov og opilovta menepacpuevwy Bnuatwyv n < K pe K6otn
InXn Un(Xn), Xnv1) £ V"9 (X, U (Xn), Xng1), n < K KL KOOTOG TEPUATIKAG KATAOTOONG

9k (Xk). To Expected Cost-to-Go o€ K Bripota Kot avopeVOUEVEG TPOXLEG { X, X7, ..., Xk } €lvaL:
K—1

Jo(o) = E|{ g (i) + ) g s b, X £ %o
n=0
Mua BéAtiotn oAtk T = {Ug, U1, K3, - ) Hig—1} 0ONYEL TO TIEPLBAAAOV pETA OO N BrApaTa,
n < K og tpoxla kataoctacswv {X,, Xy, ..., X, }. To umoAewmopevo Expected Cost-to-Go yLa
{Xn+1, Xngo, Xg} elvat
K-1

InC6) = B3 0 (X0 + ) 01 Kie e (Xi), Xiewn) | X
k=n

Tote n nepkoppévn (truncated) moAtikn { Wy, Wn41s - » Mg—1} Elvat BéAtotn yla tnv
urtoAeutopevn dtadwacia { X, 11, X;42,.., Xk} LE kKaTAOTOON EKKivnong tnv X,, (Principle of
Optimality)

Epunveia: Av n mepLlkoppevn moALtikny dev Atav BEATLOTN, TOTE LOALC N CUVOALKA BEATLOTN
ToALtikA T° odnyouoe 1o mepLBaAlov otn katdotaon X, o agent Ba pmopouoe va aAAAEEL
TIOALTIKN) Lot Tat UTtOAEOpeva Bripata {n + 1,n + 2, ..., K} ko Oa metdxawve pkpotepo
OUVOALKO KOOTOC Qo Tnv ™
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Avvapkdg Npoypappatiopdc (Bellman 1957) - Finite Horizon Problem

To Bellman Principle of Optimality obnyet o€ aAyoplOpo Auvapikou NMpoypappoticpol
(Dynamic Programming) mpoodloplopov BéAtiotng MoAwtikng ™ = {uy, Ui, U3, -, Mg —1} O
Tpla otadia pe avaotpodn xpovikn ospd K - (K—1) > (K—-2) > - > 1-0

1. EUpeon BEATLOTNG TTOALTIKAG Hi_q Yl TO TEAWKO BAna X1 = X
2. Na ta §Vo tehkad BApata Xg_, = Xx_1 = X €UPEON TNG Ux—o ME VAl olwTn TNV Ui_q
3. EmavaAnyn péxpt to Brina n = 0 koL mTpooSLlopLlopog TNG iy TTOU CUMTIANPWVEL TNV T

AAyopLOpo¢ Auvapikou MpoypapaTiopou
1. Ekkivnon pe Jx (Xx) = gx (Xk) yia OAeG TIG TEAIKEG KATAOTAOELG X
2.Twun={K—-1,K —2,..., 1,0} unohoyiloupe avadpoptka ta untoAeunopeva Expected

Cost-to-Go J,,(X,,) yla OAeC TIC KOTAOTACELS X, KaL TG amodaoels W, (X,,) He Tov
Avadpouiko Tumo anAnotwv (greedy) amodacewv:

Jn(Xyn) = Hg(n) E[gn(Xn, tn(Xn), Xn41) + Jne1 (X1l

Hn(Ln
H peon tun otov avadpopko Tumo adopd o€ OAEG TIG TOAVEG KATACTACELG X,y 41

3. TeAKOG PoaSLopLopOC TwV [ (X)) yia OAEC TIG apXLKEG KATAOTAOELS Xy KoL TNG BEATLOTNG
™ = {Uy, U1, - r Mg —1} TWV IMOPACEWV Ly, TTOU EAAXLOTOTIOLOUV TOV OVASPOLKO TUTIO

4. T xpovootaBepeg MOALTIKEG T = {|, |, ... } O AVOOPOULKOG TUTIOG ATTAOTIOLETAL UE W, =
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Optimality Equations — Infinite Horizon Problem, Stationary Policy
Eotw dadikaoia anopdoswv Markov pe dmnelpo opllovta, TTEMEPATUEVEC KATOUOTAOELC

X, €{1,2,..., N}, xpovootaBepeg moALTIKEG TT = {|, L, ... }, KOOTN
gn(Xn: U(Xn)»Xn+1) = Yng(Xn: U(Xn):Xn+1)r arooBeon 0 <y < 1 kat apykn kataotaon
Xy = X1 pe u(Xy). Znteitan n moAwtikn u(i) yia eAaxioto Expected Cost over Infinite Horizon
Me emavadlatuniwon touv Avadpouitkou Tumou AvvapitkoU lMpoypaupatiopoU Kol avaotpoen
¢ xpovikng eé€Aiénc oe n = 0,1, 2, ... £(OUUE yla TIEMEPACUEVO opilovta K:

Jnr1(Xo) = muin E[(g(Xo, 1(X0), X1) + Y/n(X1))1Xo] kaw apxwn ouvrikn Jo(X) = 0,VX

[l anelpo opilovtag kal X, = i n BEAtiotn moAtikn T divel kootn J* (i) = Kl,im Jx(@),Vi=
J*(@) = min E[(g(i, n(D), X1) + /" (X)X, = i]

Opiloupe c(i, u(i)) 10 aueoo avauevouevo kooto¢ (Immediate Expected Cost) katdotaong

X, = i 6tav Aappavetat n anodpaon (i), 6mou n péon TN adopd OTIC KATAOTACELS X; = :

N
c(i,n(@)) 2 E[gQ, n(@), X, = )DIXo = i] = z pij (@) g, n@),j)
j=1

H BéAtiotn p €xel avapevopevo kootog os 1° BAua E[J* (X )| X, = i] = ?’:1 pij ()] ()
TeAwka mpokumtouv N e€lowoelc BeAtiotomnoinong (Bellman’s Optimality Equations):

N
J @ = min| c(i,n®) +v ) pyG@Y'G) | i =12, N
=1

OL N s€lowoelg mpoadlopifouv ta BEAtiota J* (i) kot tn BEATIOTN TMOALTIKN | HEOW aAyopiOuwv
Policy Iteration 1\ Value Iteration (e yvwon twv p;;(a) y.a Model-based learning)
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Model-based Learning: AAyopiOpoc Policy Iteration (1/2)
Oplopadg Q-factor
Eotw xpovootaBepn moAwtikn T = {|, I, ... } Tou odnyel o€ avauevoueva costs-to-go
JH(i), Vi € X (kataotdoelg tou eptBaAAovrog) pe anodaoelg tou agent a = p(i) € A;

Mo kaOe (evyoc (i, a) oto umo e€€taon BrMOL KOL TIOALTLKY VLAl TAL UTTOAELUTOMEVA Bripata

T = {W, I, ... } opt{w toug Q-factors Q" (i, a) oav PETPO KATATAENG EVAANAKTIKWY AUECWV
anopdacewv a € A; Tou agent mou Ba odnyouvcav to teptBaAAov anod mapoloa KATACTOON
[ O€ KOTAOTOON j E OVAUEVOUEVA UTIOAELTOUEV costs-to-go JH(j),Vj € X

N
0", @ £ (i, @) +v ) pyy(@) ()
j=1

Mua toAttikn T = {y, I, ... } LkavoTmoLel Tig cuvBnkeg anAnaotiag (greedy conditions) og oxeon
e Ta avapevoueva costs-to-go JH(j) ota umoAeutdueva Bripata otav o€ kKABe Bripa Kal
Vi € X o agent emheyeL a = (i) wote

QY (i, u(d)) = rrelgll Q"(i,a),Vie X
a [
Mua oAtk T = {u*, u’, ... } elval BEAtiotn yla OAa ta Bripota oV LKOVOTIOLEL TLG OUVONKEG
antAnotiag (greedy conditions) Tou SuvapLKOU TIPOYPAUMATIOMOU:

Q" (6w () = min Q" (i, @)

Inueiwon: Otav ta dpeoa avapevopeva kootn c(i, a) avtikadiotavtol anod rewards r(i, a),
ta costs-to-go JH (i) amokalovvtal Value Functions V(i) kat €xoupe kat’ avtiotolia:

Q"(i, @) £ 7(i, @) +¥ )2y pyy (@) VH() ket @ (' () = max Q¥ (5, @)
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Model-based Learning: AAydprOpo¢ Policy Iteration (2/2)

ApxLltektovikn Actor — Critic

(A.G. Barto, R.S. Sutton & C.W. Anderson, "Neuronlike adaptive elements that can solve difficult learning
control problems," IEEE Transactions on Systems, Man, and Cybernetics, vol. SMC-13, Sept. — Oct. 1983)

EnavaAnyegn = 0,1,2, ... anod Svo BRpata PEXPL Uy 41 (D) = py,(0), JHr+1 (i) = JMn (i), Vi

Brnjua 1. Policy Evaluation (o critic avaAvel Ti¢ anodAoelg Tou agent):
Me Baon tnv napovoa oAwtkn 1, = {W,, ly, ... } UTOAOyilovtal Ta costs-to-go

JHn (@) = (i, un (D)) + v 20121 (n (D) JHn () yia Vi

Ma Vi kaL Va € A; unoloyilovral ta Q-factors: Q4 (i,a) = c(i,a) + yZ?Ll pij(a) /' ()

Brijua 2. Policy Improvement (o actor kaBodnyetl ti¢ anmoddaoelg tov agent):

H moAwtikn T, BEATLWVETAL OF T, 1 HEOW TNG Uy4q1 (D) = arg rrel}/rzl Q" (i,a) ywi=1,2,..,N
aEA;

arg min f (x): H Tl tng x mou odnyei tnv f (x) oe eAdyLoto
X

TABLE 12.1 Summary of the Policy Iteration Algorithm

1. Start with an arbitrary initial policy p,.
2. Forn=0,1,2,...,compute J*(i) and Q"(i, a) for all states i € % and actionsa € ;.

3. For each state i, compute
Hasi(i) = arg min Q¥(i. a)
a =,

4. Repeat steps 2 and 3 until p, . is not an improvement on y,, at which point the algorithm terminates
with p, as the desired policy.

Cost-to go
function

J
—

Policy
evaluation

A

Q-factor:

0"(i,a)

—

Policy
improvement

[ransition

probabilities

Policy
L

O aAyoplOpoc ouykAivel og BEATLOTN TTOALTIKA OE EMEPAOCHEVA BApata n AOyw
TEMEPACUEVOU TIANO0oUG KataoTtdoewv N Kol TIEMEPACUEVWVY ETUAOYWV OO ACEWV
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Model-based Learning: Value Iteration Algorithm
Extipnon twv Zuvaptrioewv Cost-to-Go péocw Aradoxikwv Mpooeyyioswv J,, (i) — J,,+1(i)

* Ekkivnon pe avBaipeteg tipég Jo(i) Vi

* EmavaAnyeg n = n + 1 pexpL avektn ovykAion (Bewpntikd n — ) pEcw oxecewv backup:

Jnus1(D) = Heli}ll{c(i’ a) + yZ?’zl pij(a) Jn(j) } yiai =1,2,..,N (anod eéiowoelc Bellman)
AEA;

TeAlKOC UTTOAOYLOMOC TwV BEATIOTWY Costs-to-Go

J' @ = lim (D), Q"(, @) = c(i,a) + v Xj1 Py (@) ] ()

KoL PO SLOPLOWOG TG BEATIOTNG MoAwTikng u* (i) = arg Hé}/rll Q*(i,a) ywai=12,..,N
AE€A;

TABLE 12.2 Summary of the Value Iteration Algorithm

1.
2.

|75

Start with arbitrary initial value Jy(7) for state i = 1,2, ..., N.
Forn =0,1,2, ..., compute

a = o

N
Tyia(i) = min {c(rz a) + v;{pg{a)a'n{fl}‘ N

Continue this computation until
|Jra +1 ( i )

where € is a prescribed tolerance parameter. It is presumed that e is sufficiently small for J,(i) to be
close enough to the optimal cost-to-go function J*(¢). We may then set

J(i) = (i)

J.(D)] <€ for each state i

for all states ¢
Compute the Q-factor

fora € #; and

N
Q*(i,a) = c(i.a) + ’sz P;‘j(a}f*(f} i=1.2...N

Hence, determine the optimal policy as a greedy policy for J*(i):

(i) = arg min Q*(i, a)

* O aAyoplBuoc Value Iteration av

OUYKALVEL OE LKOLVOTIOLNTLKO
XpOvo, armodpeVyeL UTTOAOYLOMOUG
Q-factors kot evdlapeon
QVOVEWOT TIOALTIKNC O€ KABE
BAua onwc o Policy Iteration
Arnatteil, onwg Kat o Policy
Iteration, yvwon Twv p;;(a)
(Model-based Learning)
EvaAlaktikeg pEbodol (Model-
free Learning) mpoogyyilouv Tnv
gVpeon BEATLOTWY TIOALTIKWV
Xwpig yvwon twv p;j(a) pe
npocopolwwoelg Monte Carlo,
aAyopiBuouc Q-Learning...
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Napadeypa Auvapikou MNpoypappatiopol: BeAtiatonoinon ApopoAéynang

EUpeon Apopwv EAaxiotou Kootoug amno KouBo A og Koppo J peow tou
LOVOKOTEVOUVTIKOU ypadou OMwC 0TO oxXNHa HE katevOuvon ypapuwv A 2 4
EVOELKTIKO KOOTOC YPOUUWV:A — B:2, B = A: o0
B—-F:4,F - B:o

Evéelktiko k0otog dpopou: Apopog {A,B,F,1,]}: 2+4+3+4 =13 )
Kataotaon Nepifarrovrog: KoppBog o mapovoa diepevvnon {4, B, ...,J} (&
Anodaoeig Agent: Emopevog koppog yia diepevvnon {up, down, staight}
Avadpopikdc Yrtohoylopog Q-Factors: v

Q(H,down) = 3, Q(l,up) =4

Q(E,staight) =1+ 3 =4, Q(E,down) =4+4 =38

Q(F,up) =6+3 =9, Q(F,down) =3+4=7

KatevOuvon MNpoppwv
A (ApLOTEpéL) TI: A (AeLa)

B E H

BéAtiotoL Apopot Kootoug 11:
{A,C,E.H, ]} {A D EH]J}L{ADF,IL]J}

AAyopBpuotL Auvapkou Mpoypappatiopol Bellman-Ford otnpilouv tnv §pouoAdynon Border Gateway Protocols (BGP)
avapeoa ota ~78,000 Autovopa Zuotipata (Autonomous Systems, AS) oto Internet (~900,000 yvwota diktua)




